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> Runtime error - bad index!
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xs ∈ List
"then" proposition
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 ∴ xs ∈ Vector
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(∀ (α) (U (Listof α) (Vectorof α)) Nat → α))

(define (ref xs i)
  (if (list? xs)

(list-ref xs i)
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xs ∈ List xs ∉ List
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Typed Racket

e ::=  x | (λ (x) e) | (if e e e) | ...

τ ::=  Any | Int | (U τ ...) | ...
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Typed Racket
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Γ ⊢ e1 : (x:σ) → τ ; o1

Γ ⊢ e2 : σ ; o2

Γ ⊢ (e1 e2) : τ[x ↦ o2]
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Typed Racket + Refinement Types
e ::=  x | (λ (x) e) | (if e e e) | ...

τ ::=  Any | Int | (U τ ...) | ... | (Refine [x : τ] ψ)

ψ ::= o ∈ τ | o ∉ τ | ψ ∨ ψ | ψ ∧ ψ | ... | χT

Γ ::=  {ψ ...}

o ::= ∅ | x | (fst o) | (snd o) | ...

Γ ⊢ e1 : (x:σ) → τ ; o1

Γ ⊢ e2 : σ ; o2

Γ ⊢ (e1 e2) : τ[x ↦ o2]

��



Typed Racket + Refinement Types
e ::=  x | (λ (x) e) | (if e e e) | ...

τ ::=  Any | Int | (U τ ...) | ... | (Refine [x : τ] ψ)

ψ ::= o ∈ τ | o ∉ τ | ψ ∨ ψ | ψ ∧ ψ | ... | χT

Γ ::=  {ψ ...}

o ::= ∅ | x | (fst o) | (snd o) | ...

Γ ⊢ e1 : (x:σ) → τ ; o1

Γ ⊢ e2 : σ ; o2

Γ ⊢ (e1 e2) : τ[x ↦ o2]

...
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Typed Racket + Refinement Types
e ::=  x | (λ (x) e) | (if e e e) | ...

τ ::=  Any | Int | (U τ ...) | ... | (Refine [x : τ] ψ)

ψ ::= o ∈ τ | o ∉ τ | ψ ∨ ψ | ψ ∧ ψ | ... | χT

Γ ::=  {ψ ...}

o ::= ∅ | x | (fst o) | (snd o) | (len o) | n1o1 + n2o2 + ...

Γ ⊢ e1 : (x:σ) → τ ; o1

Γ ⊢ e2 : σ ; o2

Γ ⊢ (e1 e2) : τ[x ↦ o2]
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(byte? (fst p))

��



Γ ⊢ (byte? (fst p))

(byte? (fst p))

��



Γ ⊢ byte? : (x:σ) → τ

Γ ⊢ (byte? (fst p))

(byte? (fst p))

��



Γ ⊢ byte? : (x:σ) → τ
Γ ⊢ (fst p) : σ

Γ ⊢ (byte? (fst p))

(byte? (fst p))

��



Γ ⊢ byte? : (x:σ) → τ
Γ ⊢ (fst p) : σ

Γ ⊢ (byte? (fst p)) : τ

(byte? (fst p))

��



Γ ⊢ byte? : (x:σ) → τ
Γ ⊢ (fst p) : σ ; (fst p)

Γ ⊢ (byte? (fst p)) : τ

(byte? (fst p))
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Γ ⊢ byte? : (x:σ) → τ
Γ ⊢ (fst p) : σ ; (fst p)

Γ ⊢ (byte? (fst p)) : τ

τ

(byte? (fst p))

��



Γ ⊢ byte? : (x:σ) → τ
Γ ⊢ (fst p) : σ ; (fst p)

Γ ⊢ (byte? (fst p)) : τ

τ
x ∈ Byte

x ∉ Byte

(byte? (fst p))
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Γ ⊢ byte? : (x:σ) → τ
Γ ⊢ (fst p) : σ ; (fst p)

Γ ⊢ (byte? (fst p)) : τ[x ↦ (fst p)]

τ
x ∈ Byte

x ∉ Byte

(byte? (fst p))

��



Γ ⊢ byte? : (x:σ) → τ
Γ ⊢ (fst p) : σ ; (fst p)

Γ ⊢ (byte? (fst p)) : τ[x ↦ (fst p)]

τ
(fst p) ∈ Byte

(fst p) ∉ Byte

(byte? (fst p))
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(< i (read-byte))
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ

Γ ⊢ (read-byte) : Byte
Γ ⊢ (< i (read-byte))

(< i (read-byte))
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte))

(< i (read-byte))

∅
i
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte)) : τ

(< i (read-byte))
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte)) : τ

τ
x < y

x ≥ y

(< i (read-byte))
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte)) : τ[x ↦ i]

τ
x < y

x ≥ y

(< i (read-byte))
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte)) : τ[x ↦ i]

τ
i < y

i ≥ y

(< i (read-byte))
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte)) : τ[x ↦ i][y ↦ ∅]

τ
i < y

i ≥ y

(< i (read-byte))
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte)) : τ[x ↦ i][y ↦ ∅]

τ

(< i (read-byte))
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte)) : τ[x ↦ i][y ↦ ∅]

τ
i < y

i ≥ y

(< i (read-byte))
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte)) : τ[x ↦ i][y ↦ ∅]

τ
i < y

i ≥ y
∃y:Byte. 

(< i (read-byte))
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Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte)) : τ[x ↦ i][y ↦ ∅]

(< i (read-byte))

���



Γ ⊢ g : (x y:σ) → τ
Γ ⊢ i : σ ; i

Γ ⊢ (read-byte) : Byte ; ∅
Γ ⊢ (< i (read-byte)) : τ[x ↦ i][y ↦ ∅]

τ[x ⤇ ∅] = ∃x:σ.τ
τ[x ⤇ o] = τ[x ↦ o]

(< i (read-byte))
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22,503 LOC
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(: vec-ref
(∀ (α) (Vectorof α) Nat → α))

(define (vec-ref v i)
  (if (< i (len v))

(unsafe-vec-ref v i)
(error "bad index")))
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(: vec-ref
(∀ (α) (Vectorof α) Nat → α))

(define (vec-ref v i)
  (if (< i (len v))

(unsafe-vec-ref v i)
(error "bad index")))

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...
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(: vec-ref
(∀ (α) (Vectorof α) Nat → α))

(define (vec-ref v i)
  (if (< i (len v))

(unsafe-vec-ref v i)
(error "bad index")))

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...
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(: vec-ref
(∀ (α)

[v : (Vectorof α)]
[n : Nat #:where (< n (len v))]
→ α))

(define (vec-ref v i)
  (if (< i (len v))

(unsafe-vec-ref v i)
(error "bad index")))

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...
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(: vec-ref
(∀ (α)

[v : (Vectorof α)]
[n : Nat #:where (< n (len v))]
→ α))

(define (vec-ref v i)
  (if (< i (len v))

(unsafe-vec-ref v i)
(error "bad index")))

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...
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(: safe-vec-ref
(∀ (α)

[v : (Vectorof α)]
[n : Nat

#:where (< n (len v))]
→ α))

(define (safe-vec-ref v i)
  (unsafe-vec-ref v i))

(: vec-ref
(∀ (α) (Vectorof α) Nat → α))

(define (vec-ref v i)
  (if (< i (len v))

(safe-vec-ref v i)
(error "bad index")))

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...
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(: safe-vec-ref
(∀ (α)

[v : (Vectorof α)]
[n : Nat

#:where (< n (len v))]
→ α))

(define (safe-vec-ref v i)
  (unsafe-vec-ref v i))

(: vec-ref
(∀ (α) (Vectorof α) Nat → α))

(define (vec-ref v i)
  (if (< i (len v))

(safe-vec-ref v i)
(error "bad index")))

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

(vec-ref ...)

(vec-ref ...)
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(: safe-vec-ref
(∀ (α)

[v : (Vectorof α)]
[n : Nat

#:where (< n (len v))]
→ α))

(define (safe-vec-ref v i)
  (unsafe-vec-ref v i))

(: vec-ref
(∀ (α) (Vectorof α) Nat → α))

(define (vec-ref v i)
  (if (< i (len v))

(safe-vec-ref v i)
(error "bad index")))

#lang typed/racket

...
(safe-vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

#lang typed/racket

...
(safe-vec-ref ...)
...

#lang typed/racket

...
(vec-ref ...)
...

(safe-vec-ref ...)

(safe-vec-ref ...)
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No changes necessary!
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(: norm
((Vectorof Real) → Real))

(define (norm x)
  (let loop ([i   : Nat  0]

[res : Real 0])
  (cond

  [(< i (len x))
(let ([xᵢ (vec-ref x i)])
  (loop (add1 i)

(+ res (expt xᵢ 2))))]
  [else (sqrt res)])))
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Γ ⊢ (< i (len x)) : Bool ; (< i (len x)) | (≥ i (len x))

(: norm
((Vectorof Real) → Real))

(define (norm x)
  (let loop ([i   : Nat  0]

[res : Real 0])
  (cond

  [(< i (len x))
(let ([xᵢ (vec-ref x i)])
  (loop (add1 i)

(+ res (expt xᵢ 2))))]
  [else (sqrt res)])))

(< i (len x))
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(: norm
((Vectorof Real) → Real))

(define (norm x)
  (let loop ([i   : Nat  0]

[res : Real 0])
  (cond

  [(< i (len x))
(let ([xᵢ (safe-vec-ref x i)])
  (loop (add1 i)

(+ res (expt xᵢ 2))))]
  [else (sqrt res)])))

(safe-vec-ref x i)
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(: norm
((Vectorof Real) → Real))

(define (norm x)
  (let loop ([i   : Nat  0]

[res : Real 0])
  (cond

  [(< i (len x))
(let ([xᵢ (safe-vec-ref x i)])
  (loop (add1 i)

(+ res (expt xᵢ 2))))]
  [else (sqrt res)])))
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Math Library Results
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Adding annotations
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(: norm
((Vectorof Real) → Real))

(define (norm x)
  (let loop ([i   : Nat  0]

[res : Real 0])
  (cond

  [(< i (len x))
(let ([xᵢ (safe-ve-ref x i)])
  (loop (add1 i)

(+ res (expt xᵢ 2))))]
  [else (sqrt res)])))
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(: norm
((Vectorof Real) → Real))

(define (norm x)
  (let loop ([i   : Int

(sub1 (len x))]
[res : Real 0])

  (cond
  [(negative? i) (sqrt res)]
  [else

(let ([xᵢ (safe-vec-ref x i)])
  (loop (sub1 i)

(+ res (expt xᵢ 2))))])))
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(: norm
((Vectorof Real) → Real))

(define (norm x)
  (let loop ([i   : Int

(sub1 (len x))]
[res : Real 0])

  (cond
  [(negative? i) (sqrt res)]
  [else

(let ([xᵢ (safe-vec-ref x i)])
  (loop (sub1 i)

(+ res (expt xᵢ 2))))])))

���



(: norm
((Vectorof Real) → Real))

(define (norm x)
  (let loop ([i   : Int

(sub1 (len x))]
[res : Real 0])

  (cond
  [(negative? i) (sqrt res)]
  [else

(let ([xᵢ (safe-vec-ref x i)])
  (loop (sub1 i)

(+ res (expt xᵢ 2))))])))

i ∈ [-1, (sub1 (len x))]
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(: norm
((Vectorof Real) → Real))

(define (norm x)
  (let loop ([i   : Int #:where (< i (len x))

(sub1 (len x))]
[res : Real 0])

  (cond
  [(negative? i) (sqrt res)]
  [else

(let ([xᵢ (safe-vec-ref x i)])
  (loop (sub1 i)

(+ res (expt xᵢ 2))))])))

i ∈ [-1, (sub1 (len x))]

(< i (len x))
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(: norm
((Vectorof Real) → Real))

(define (norm x)
  (let loop ([i   : Int #:where (< i (len x))

(sub1 (len x))]
[res : Real 0])

  (cond
  [(negative? i) (sqrt res)]
  [else

(let ([xᵢ (safe-vec-ref x i)])
  (loop (sub1 i)

(+ res (expt xᵢ 2))))])))

i ∈ [-1, (sub1 (len x))]
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Math Library Results
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Making small changes
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(: dot-prod
((Vectorof Real) (Vectorof Real) → Real))

(define (dot-prod A B)
  (let loop ([i   : Nat 0]

[sum : Real 0])
  (cond

  [(< i (len A))
(let ([Aᵢ (vec-ref A i)]

[Bᵢ (vec-ref B i)])
  (loop (add1 i)

(+ sum (* Aᵢ Bᵢ))))]
  [else sum])))
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(: dot-prod
((Vectorof Real) (Vectorof Real) → Real))

(define (dot-prod A B)
  (let loop ([i   : Nat 0]

[sum : Real 0])
  (cond

  [(< i (len A))
(let ([Aᵢ (safe-vec-ref A i)]

[Bᵢ (safe-vec-ref B i)])
  (loop (add1 i)

(+ sum (* Aᵢ Bᵢ))))]
  [else sum])))
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(: dot-prod
([A : (Vectorof Real)]
[B : (Vectorof Real)

#:where (= (len A) (len B))]
→ Real))

(define (dot-prod A B)
  (let loop ([i   : Nat 0]

[sum : Real 0])
  (cond

  [(< i (len A))
(let ([Aᵢ (safe-vec-ref A i)]

[Bᵢ (safe-vec-ref B i)])
  (loop (add1 i)

(+ sum (* Aᵢ Bᵢ))))]
  [else sum])))
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(: dot-prod
([A : (Vectorof Real)]
[B : (Vectorof Real)

#:where (= (len A) (len B))]
→ Real))

(define (dot-prod A B)
  (let loop ([i   : Nat 0]

[sum : Real 0])
  (cond

  [(< i (len A))
(let ([Aᵢ (safe-vec-ref A i)]

[Bᵢ (safe-vec-ref B i)])
  (loop (add1 i)

(+ sum (* Aᵢ Bᵢ))))]
  [else sum])))

#lang typed/racket

...
(dot-prod ...)
...

#lang typed/racket

...
(dot-prod ...)
...

#lang typed/racket

...
(dot-prod ...)
...

#lang typed/racket

...
(dot-prod ...)
...
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(: dot-prod
((Vectorof Real) (Vectorof Real) → Real))

(define (dot-prod A B)
  (let loop ([i   : Nat 0]

[sum : Real 0])
  (cond

  [(< i (len A))
(let ([Aᵢ (safe-vec-ref A i)]

[Bᵢ (safe-vec-ref B i)])
  (loop (add1 i)

(+ sum (* Aᵢ Bᵢ))))]
  [else sum])))

#lang typed/racket

...
(dot-prod ...)
...

#lang typed/racket

...
(dot-prod ...)
...

#lang typed/racket

...
(dot-prod ...)
...

#lang typed/racket

...
(dot-prod ...)
...
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(: dot-prod
((Vectorof Real) (Vectorof Real) → Real))

(define (dot-prod A B)
  (unless (= (len A) (len B))

  (error "unequal vec lengths!"))
  (let loop ([i   : Nat 0]

[sum : Real 0])
  (cond

  [(< i (len A))
(let ([Aᵢ (safe-vec-ref A i)]

[Bᵢ (safe-vec-ref B i)])
  (loop (add1 i)

(+ sum (* Aᵢ Bᵢ))))]
  [else sum])))

#lang typed/racket

...
(dot-prod ...)
...

#lang typed/racket

...
(dot-prod ...)
...

#lang typed/racket

...
(dot-prod ...)
...

#lang typed/racket

...
(dot-prod ...)
...
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Math Library Results
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56,000 LOC
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56,000 LOC
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Thanks!
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